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Abstract
We show that the TT deformation of two-dimensional quantum field theory on AdS2
is well-defined and solvable at the quantum level. Flow equations for the energy
spectrum and partition function are derived in analogy with the flat space case. As a
non-trivial check, we perturbatively compute the deformed energy spectrum for the
case of a free scalar field. We analyze the high energy density of states of the deformed
theory and find a Hagedorn growth of states.
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1 Introduction
1.1 Background
The TT deformation of two-dimensional quantum field theory is very special because it is an
irrelevant deformation that is solvable for flat spacetimes. Usually turning on an irrelevant
operator is bad news for understanding the ultraviolet physics of a system. Turning on
one such operator usually requires turning on an infinite number of such operators as one
tries to reverse a renormalization group flow. An irrelevant deformation can change the
ultraviolet definition of the theory and the fundamental high-energy degrees of freedom.
However, the case of T T¯ is very special because this composite irrelevant operator is
quantum mechanically well-defined, and one can track what happens to the energies of the
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system as a function of the deformation parameter. It is in this sense that the deformation is
solvable: some quantities of interest in the deformed theory, like the finite-volume spectrum
or S-matrix, can be computed in terms of the corresponding quantities in the undeformed
theory [1–4].
For this irrelevant operator, one can partially reverse the renormalization group flow
and understand something about the ultraviolet physics. The result is surprising. The
high-energy density of states on a cylinder exhibits a Hagedorn growth resembling that of
a string theory, while the low-energy physics resembles conventional local quantum field
theory. This suggests the existence of a new and still mysterious structure somewhere
between a local quantum field theory and a full fledged string theory. There is considerable
excitement around this topic currently, and we refer the reader to the review [5].
All the original arguments for the TT deformation use a flat spacetime; typically either
a cylinder or R1,1. It is unclear if the deformed theory can even be defined on an arbitrary
fixed curved manifold, or more ambitiously be consistently coupled to gravity. In this
project, we will discuss the first question of two-dimensional quantum field theory on a
manifoldM with a fixed curved background metric g, deformed by an irrelevant operator.
This approach should be contrasted with various holographic proposals for defining the
TT deformation on curved spacetime, all of which involve some dynamical three-dimensional
bulk metric and a two-dimensional boundary theory [6–11]. These interesting holographic
proposals retain some of the solvability properties of TT , at least in certain regimes. For
instance for conformal field theory in the large N or large central charge limit, one can
attempt to compute the TT -deformed partition function on a sphere using a cut-off AdS
prescription [12]. However, this approach applies for the sign of the deformation which is
usually called the ‘bad sign’ because most energies of the deformed system are complex.
Interpreting the resulting deformed theory is an interesting challenge. By contrast, our
approach in this work applies to either sign of the deformation parameter. We do not
use holography or three-dimensional dynamical gravity; rather, we will always work in two
dimensions with a fixed background metric.
For completely general spacetimes (M, g), the usual arguments for the solvability of TT
fail because the metric might not be translation-invariant, or have any isometries. These
are key ingredients used in the usual analysis of the TT deformation. The only cases for
which solvability might be straightforwardly preserved are theories which are almost entirely
topological. For instance, one can study the TT deformation of two-dimensional pure Yang-
Mills theory on any background metric [13], since this theory has no propagating degrees of
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freedom and therefore almost no dependence on the metric. However, if one couples two-
dimensional Yang-Mills to charged matter, the resulting theory is no longer topological;
one can still study the TT deformation of this coupled theory in flat space [14], but the
conclusions concerning pure YM2 with an arbitrary background metric will no longer hold.
Nonetheless, one might hope that certain highly symmetric spacetimes (M, g) might
still admit solvable TT -like deformations as in the flat space case. For instance, one might
restrict to spaces of constant non-zero curvature. This question has been investigated in
[15], which proposed an interesting generalization of TT to spaces of constant curvature.
The proposed prescription leads to a definition of TT which does not appear to enjoy the
same factorization properties as the corresponding operator in flat space. In this paper, we
will propose a different definition of TT in spaces of constant negative curvature. As we
will discuss in Section 2 and Appendix A, this modified definition yields an operator that
does factorize, which leads to similar solvability properties as in flat space.
The layout of this paper is as follows: in subsection 1.2, we summarize the main technical
results of the paper. Section 2 proposes a new definition of the TT operator in spaces of
constant negative curvature and investigates the properties of this operator. In Section 3,
we show that deformation by this operator leads to essentially the same differential equation
for the spectrum as the usual TT deformation in flat space. Similarly, Section 4 shows that
our prescription also leads to a flow equation for the partition function which is totally
analogous to the flow equation in flat space. Finally, Appendices A and B collect some
technical arguments regarding factorization of our TT operator and a perturbative check
of the resulting flow equation for the energy levels, respectively.
1.2 Summary
To summarize our results: we find that the TT operator can be unambiguously defined by
point-splitting in a way which leads to a solvable deformation for theories on AdS2. We
take the AdS2 metric to be,
ds2AdS2 =
a2
sin2 σ
(−dτ 2 + dσ2) , (1.1)
with a of length dimension 1 and the coordinates dimensionless. It is unclear whether the
TT deformation is solvable on general curved manifolds. However, AdS2 is quite special.
More precisely, AdS2 is the unique non-flat, homogeneous, non-compact Lorentzian mani-
fold M with a transitive global isometry group. Because of this, we can define the TT (x)
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operator as follows,
TT (x) :=
1
2
lim
y→x
(Iac′(x, y)Ibd′(x, y)− ηabηc′d′)T ab(x)T c′d′(y) , (1.2)
where x, y are separated along a spatial (constant τ) geodesic. The stress tensor appearing
in (1.2) is referred to a flat frame in the tangent space, related to the usual stress tensor
with coordinate indices using frame fields eaµ,
T ab(x) = eaµe
b
νT
µν(x) , (1.3)
with (a, b), (c′, d′) the indices for the orthonormal frame bundle above the points x, y re-
spectively. Additionally, Iab′(x, y) is the parallel transport tensor of the frame bundle along
the geodesic from y → x and ηab is the frame bundle metric.
The fact that x, y are separated along a spatial geodesic implies that the parallel trans-
port tensor is trivial. Because of this, we find that the operator above factorizes
〈TT (x)〉 = 1
2
lim
y→x
(Iac′(x, y)Ibd′(x, y)− ηabηc′d′) 〈T ab(x)〉〈T c′d′(y)〉 . (1.4)
This result allows us to define a flow equation for the energy spectrum:
∂λEn = − 1
2pi
(
En∂aEn +
P 2n
a
)
, (1.5)
where a is the AdS2 length scale and λ is the TT deformation parameter. Somewhat
surprisingly, we find that this result is of the same form as the analogous equation for
the deformed energies on a flat cylinder where the radius R has been exchanged with the
AdS2 scale factor a. One might have thought that the non-trivial curvature of AdS2, and
exponential gravitational redshift, would significantly distort the spectrum; nevertheless
it looks more or less the same as one would get on a flat cylinder. This flow equation
for the energies implies an analogous property of the thermal partition function in the
zero-momentum sector:
∂λZ =
1
2pia
{
∂β∂a − β
a
∂2β −
1
β
∂a
}
Z. (1.6)
In the case where the undeformed theory is a CFT, we find that the deformed energies for
states with Pn = 0 are of the form
En = −pia
λ
1−
√
1 +
2λE
(0)
n
pia
 , (1.7)
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where E
(0)
n is the undeformed energy. We show that this spectrum agrees to leading order
with the energy spectrum of the TT -deformed free scalar field.
As in the case of TT -deformed theories on flat space, we find that the high energy
density of states for TT -deformed theories on AdS2 is enhanced. For undeformed theories
with a Cardy-like high energy density of states, the deformed theories exhibit Hagedorn
growth. Note that this matches the expectation that a TT -deformed theory on AdS2 is no
longer a local quantum field theory, but should behave more like a string theory.
2 The TT Deformation in AdS2
In the following discussion we will be concerned with quantum field theories on AdS2,
which is the unique homogeneous, non-compact non-flat spacetime in two dimensions. This
spacetime and its Euclidean version H2 can be realized as quotients of either SL(2,R) or
its universal cover S˜L(2,R) [16]
AdS2 = S˜L(2,R)/SO(1, 1) , H2 = SL(2,R)/SO(2) . (2.1)
These realizations preserve the left action by SL(2,R) which thus acts faithfully and tran-
sitively as a global isometry group. Because it is a homogeneous space, AdS2 has constant
(negative) curvature; it can be realized as the infinite strip with metric
ds2 =
a2
sin2 σ
(−dτ 2 + dσ2) , (2.2)
where σ ∈ (0, pi), τ ∈ R and only a is a dimensionful parameter.
Quantum field theory on anti-de Sitter space is slightly more unusual than on standard
flat spacetime R1,1. Because it has constant negative curvature, volumes grow exponentially
near its conformal boundaries σ = 0, pi. This implies for example that Gauss’s law is
exponentially suppressed as are propagators of massive fields. This property of AdS provides
a nice IR regulator as discussed in [17].
For our purposes, we will need the fact that two point functions factorize in AdS2 as
the insertion points go to infinite separation. In fact, the exponential growth of volume
implies that in some sense cluster decomposition occurs faster in AdS than in flat space as
a function of geodesic separation.
2.1 Review of TT
The TT deformation was originally described in the classic paper by Zamolodchikov [1].
There he considered a Euclidean QFT with the following properties:
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1. Local translation and rotation symmetry : This property implies the existence of a
stress energy tensor Tµν with the properties
∂µT
µν = 0 , (2.3)
which in the 2D parametrization Tzz = T, T¯ = Tz¯z¯, Θ = Tzz¯ can be written
∂z¯T (z) = ∂zΘ(z) , ∂zT¯ (z) = ∂z¯Θ(z) . (2.4)
2. Global translation symmetry : This property implies that any 1-point function is in-
dependent of position
〈Oi(z)〉 = 〈Oi(0)〉 , (2.5)
and that any 2-point function
〈Oi(z)Oj(z′)〉 = Gij(z − z′) , (2.6)
is only a function of the distance between the insertion points.
3. Clustering : That there exists some direction of infinite length such that
lim
x→∞
〈Oi(x)Oj(0)〉 = 〈Oi〉〈Oj〉 . (2.7)
4. UV CFT : That the QFT in question is described by a CFT at short distances.
These conditions then require that we consider a theory on the flat plane or cylinder. Using
these assumptions one can show that the operator
TT := lim
z′→z
(
T (z′)T¯ (z)−Θ(z′)Θ(z)) , (2.8)
defines a local operator.
First, note that the conservation of the stress tensor implies
∂z¯(T (z)T¯ (z
′)−Θ(z)Θ(z′)) = (∂z + ∂z′)Θ(z)T¯ (z′)− (∂z¯ + ∂z¯′)Θ(z)Θ(z′) ,
∂z(T (z)T¯ (z
′)−Θ(z)Θ(z′)) = (∂z + ∂z′)T (z)T¯ (z′)− (∂z¯ + ∂z¯′)T (z)Θ(z′) .
(2.9)
Now using the operator product expansions
T (z)Θ(z′) =
∑
i
Ai(z − z′)Oi(z′) , Θ(z)Θ(z′) =
∑
i
Ci(z − z′)Oi(z′) ,
Θ(z)T¯ (z′) =
∑
i
Bi(z − z′)Oi(z′) , T (z)T¯ (z′) =
∑
i
Di(z − z′)Oi(z′) ,
(2.10)
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the equations (2.9) imply∑
i
∂z¯Fi(z − z′)Oi(z′) =
∑
i
(
Bi(z − z′)∂z′Oi − Ci(z − z′)∂z¯′Oi
)
,∑
i
∂zFi(z − z′)Oi(z′) =
∑
i
(
Di(z − z′)∂z′Oi(z′)− Ai(z − z′)∂z¯′Oi(z′)
)
,
(2.11)
where
Fi(z − z′) = Di(z − z′)− Ci(z − z′) . (2.12)
This implies that any operator arising in the OPE
T (z)T¯ (z′)−Θ(z)Θ(z′) =
∑
i
Fi(z − z′)Oi(z′) , (2.13)
must either have a coordinate independent coefficient function Fi(z − z′) or is itself the
derivative of another local operator:
T (z)T¯ (z′)−Θ(z)Θ(z′) = OTT (z′) + derivative terms . (2.14)
This allows us to define the composite operator
TT (z) := OTT (z) . (2.15)
Note that we have only defined TT up to derivative terms, but these contribute trivially to
one-point functions.
2.2 TT in AdS2
Now we will consider a mild generalization of Zamolodchikov’s arguments on the properties
of the TT deformation. Let us consider the case where assumption (2) is loosened to:
2. Transitive Global Isometry : Here we assume that ∀x, y ∈ X, where X is a 2D Eu-
clidean spacetime, there exists a global isometry g ∈ Iso(X) such that
g · x = y . (2.16)
Again, this implies that the expectation value of a one-point function is covari-
antly constant. Additionally, it means that 2-point functions will be functions of
the geodesic distance between the operators
〈Oi(x)Oj(y)〉 = Gij(d(x, y)) . (2.17)
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These conditions allow us to more generally consider non-compact, homogeneous 2D spaces
with a transitive isometry group. As it turns out, there is a unique nonflat manifold
satisfying these conditions: AdS2, which we will consider in either Lorentzian or Euclidean
signature as appropriate.
Now let us try to define the local operator OTT in AdS2. As one might expect, there
are many subtleties associated with this definition. First, the classical stress tensor Tµν(x)
is not a matrix, but rather resides in the tensor algebra of the tangent space over the
point x. This means that the definition of the determinant requires extra consideration. In
particular, one cannot simply contract tensor indices of products of stress tensors that are
evaluated at different points by using the metric or epsilon symbol.
There are now two ways to deal with this ambiguity to define the TT operator. One sug-
gestion, investigated in [15], employs gravitational Wilson lines/parallel transport operators
to define TT via point splitting
TT (y) =
1
2
lim
x→y
(Iµα′Iνβ′ − gµνgα′β′)T µν(x)Tα′β′(y) , (2.18)
where µ, ν and α′, β′ are tensor indices for TxM and TyM respectively and
Iµα′ = exp
{∫
γ
dsνΓ
ν
}
µα′
∈ Hom(TxM,TyM) , (2.19)
where γ is the minimal geodesic from x to y.
In the coincident point limit, the operator (2.18) still defines a local TT operator despite
the additional contribution from the gravitational Wilson line, as shown in [15]. However,
the inclusion of the Wilson line spoils the factorization property which ensures that the
expectation value of TT splits into a product of one-point functions. The effect of a non-
trivial Iµα′ is to introduce additional non-universal (i.e. theory-dependent) terms into 〈TT 〉
which depend on the structure of stress tensor two-point functions. In certain limiting
cases – such as the limit of very weak curvature, or in the limit where we TT deform a
CFT with large central charge – these non-universal terms are suppressed and approximate
factorization is restored. In the general case, however, the obstruction to factorization is
non-negligible and this definition of TT no longer admits simple solutions for quantities
like the spectrum in the deformed theory.
To avoid this failure of factorization, we propose a different TT operator in AdS2. We
will define TT to be
TT (y) = lim
x→y
C(x, y) := lim
x→y
(Iac
′
Ibd
′ − gabgc′d′)Tab(x)Tc′d′(y) ,
Tab(x) = eaµ(x)ebν(x)T
µν(x) ,
(2.20)
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where we are taking the limit along a spatial geodesic, eaµ(x) are frame fields and I
ab′ is the
parallel transport of the frame bundle:
Iab
′
(x, y) = exp
{∫
γ(x,y)
ωµds
µ
}ab′
, (2.21)
where ωabµ is the spin connection and γ(x, y) is a geodesic from x→ y. The components of
the spin connection can be found in (A.2).
This definition is preferable because in AdS2 the parallel transport along a spatial
geodesic (in our conventions a path along the σ-direction) is trivial on the frame bundle:1
I(γσ) = 1 . (2.22)
Since we are taking the coincident limit, it is clear that the local properties that allow the
existence of TT (x) in flat space also apply to AdS2. We note that in any flat space the
spin connection vanishes identically, and we could therefore define TT using this approach
in any such space, like the examples studied in [18].
Now from the transitivity of AdS2, we find that the Lorentz scalar C(x, y) can only
depend on the geodesic distance between x, y:
C(x, y) = C
(
d(x, y)
)
. (2.23)
Following the analysis of [15], we see that conservation of the stress tensor implies that the
2-point function is actually independent of geodesic distance between x, y:
C(x, y) = C0 . (2.24)
See Appendix A for a detailed computation.
Since the 2-point function is coordinate independent, we can relate its expectation value
at close points to its value at asymptotically distant points where the 2-point function
clusters. This result implies that the TT operator splits as a product of 1-point functions:
(Iac
′
Ibd
′ − gabgc′d′)〈Tab(x)Tc′d′(y)〉 = (Iac′Ibd′ − gabgc′d′)〈Tab(x)〉〈Tc′d′(y)〉 ,
= (Iac
′
Ibd
′ − gabgc′d′)〈Tab(0)〉〈Tc′d′(0)〉 .
(2.25)
Therefore, the composite TT (x) operator (2.20) is both well defined on AdS2 and acts
diagonally on energy eigenstates.
1For any two spacelike separated points in AdS2, one can always use a boost isometry to go to a
coordinate frame where the two points lie on a surface of constant τ .
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In curved spaces, one must account for the effects of the Weyl anomaly. In a metric of
the form
ds2 = gµν dx
µdxν = −e2ϕdx+dx− , x± = τ ± σ , (2.26)
the expectation value of the stress tensor gains a contribution from the Weyl anomaly〈
Tµν [g]
〉
=
〈
Tµν [η]
〉
+ θµν , (2.27)
where η is the flat metric and
θ++ =
c
12pi
eϕ∂2+e
−ϕ , θ−− =
c
12pi
eϕ∂2−e
−ϕ ,
θ+− =
( c
48pi
R + µ0
)
g+− , R = 4e−2ϕ∂+∂−ϕ .
(2.28)
The parameter µ0 arises from the introduction of a cosmological term µ0
√−g in the action.
For the AdS2 metric (2.2), we have θ++ = θ−− = − 148pi , and R = −1/a2. The values of
θ++ and θ−− represent the usual Casimir energy, arising here for the shift between Poincare´
and global AdS2 coordinates [19]. The contribution of θ+− yields an infrared divergence
in the energy integral due to the infinite spatial volume of AdS2, which we can cancel off
by adjusting the cosmological constant µ0. In what follows, we will assume that such an
adjustment has been made.
2.3 Deformed Lagrangian
In this section, we will review the solution of the TT flow equation for the deformed La-
grangian L(λ) of a free scalar field φ on AdS2. We stress that this is a purely classical result,
unrelated to the preceding argument that the TT operator is well-defined by point-splitting.
Indeed, the explicit solution for the deformed Lagrangian of scalars coupled to an arbitrary
background metric was already written down in [20], which follows from the analysis in [3].
In addition, we will in this subsection ignore the effects of the trace anomaly.
Consider a general λ-dependent Lagrangian for a real scalar φ coupled to a background
metric gµν . For simplicity, we assume that the Lagrangian reduces to the usual free kinetic
Lagrangian for φ at λ = 0:
L(λ = 0) = 1
2
gµν∂µφ∂νφ. (2.29)
The TT flow will not introduce dependence on the undifferentiated field φ, as one would
have in a potential energy term, so the finite-λ Lagrangian can only depend on the scalar
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quantity gµν∂µφ∂νφ and on the parameter λ. To ease notation, we define X = gµν∂µφ∂νφ
so that
L(λ) = f(λ, gµν∂µφ∂νφ) ≡ f(λ,X ). (2.30)
We now compute the components of the stress tensor,
T (λ)µν = −
2√−g
δS(λ)
δgµν
, (2.31)
where S(λ) is the effective action of the deformed theory
S(λ) =
∫
d2x
√−gL(λ). (2.32)
Taking the variation, one finds
T (λ)µν = gµνf − 2
∂f
∂X ∂µφ∂νφ (2.33)
As discussed in Section 2.2, we define our TT definition using the stress tensor with frame
bundle indices, namely
Tab(x) = eaµ(x)ebν(x)T
µν(x). (2.34)
In terms of Tab, the flow equation for the Lagrangian is simply
∂L
∂λ
= det(Tab). (2.35)
The determinant of (2.34) is
det(Tab) =
1
2
(
(T aa )
2 − T abTab
)
=
1
2
((
eaµeaνT
ν
µ
)2 − eaρebσeaµebνT µνTρσ)
=
1
2
((
gµνTµν
)2 − gµρgνσTµνTρσ) . (2.36)
That is, the determinant of our frame-bundle stress tensor Tab matches that of the usual
stress tensor Tµν when both are evaluated at a fixed point x. Although using frame bundle
indices does not change the form of the expression (2.36) after taking the coincident point
limit, we note that it was necessary to avoid parallel-transport contributions when defining
the operator by point-splitting in Section 2.2. This distinction was necessary only to ensure
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factorization of two-point functions, but does not affect the analysis of the flow equation
for the Lagrangian.
Evaluating (2.36) with the components (2.33), one finds
det (Tab) = f
2 − 2fX ∂f
∂X . (2.37)
Thus the differential equation for the deformed Lagrangian becomes
df
dλ
= f 2 − 2fX ∂f
∂X , (2.38)
whose solution is (after replacing X = gµν∂µφ∂νφ and imposing the initial condition (2.29))
L(λ) = 1
2λ
(√
1 + 2λgµν∂µφ∂νφ− 1
)
. (2.39)
Expanding about λ = 0, one finds
L(λ) = 1
2
gµν∂µφ∂νφ− λ
4
(gµν∂µφ∂νφ)
2 +O(λ2) . (2.40)
We emphasize that this is a purely classical result that is true for any conformally flat
metric gµν . One could try to extend this analysis to the quantum effective action, see [21]
for a discussion of the one-loop renormalized effective action in flat space. Incorporating
the Weyl anomaly, however, complicates the analysis. One might imagine taking it into
account via a Liouville-type contribution to the effective action; we leave such a treatment
to future work. What is special about the AdS2 case is that one can also make statements
about quantities in the quantum theory analogous to those in the flat space case, such as
a flow equation for the spectrum, which we turn to next.
3 Flow Equation for the Spectrum
3.1 Some Generalities
Now we can consider what happens to a theory on AdS2 when we deform it by the operator
TT ≡ det(Tab) defined in (2.36):
S 7→ S + λ
∫
d2x
√
g det(Tab) . (3.1)
In this case, the partition function by definition obeys the flow equation
∂λlogZ =
∫
d2x
√
g 〈det(Tab)〉 , (3.2)
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which we can trivially rewrite as
〈∂λS〉 =
∫
d2x
√
g 〈det(Tab)〉 . (3.3)
As defined, this is a deformation of the Lorentzian or Euclidean path-integral. To find a
flow equation for the energy spectrum, let us consider the thermal partition function defined
as the Euclidean path-integral with periodic time τ ∈ [0, β),
Z[β] =
∫
Dφ e−SE , (3.4)
where Dφ schematically denotes the path-integral over all fields. From the definition of the
energy,
〈H〉 = − d
dβ
logZ[β] . (3.5)
Differentiating the relation (3.5) with respect to λ, we find
〈∂λH〉 = −∂β〈∂λSE〉 = −∂β
∫
d2x
√
g 〈det(Tab)〉 , (3.6)
where we have used (3.3).
Restricting (3.6) to an energy eigenstate so that the expectation value of det(T ) is time-
independent allows us to evaluate the time integral. We then write the expectation value
of the Hamiltonian as an integral of the Hamiltonian density H over a spatial slice Σ to
arrive at the flow equation
∂λ
∫
Σ
dx
√
g 〈n|H |n〉 = −
∫
Σ
dx
√
g 〈n| det(Tab) |n〉 , (3.7)
where
√
g refers to the full spacetime metric rather than the induced metric on a spatial
slice. Equation (3.7) is the starting point for the analysis of the flow equation for the energy
levels which we will explore in the following subsections.
For our subsequent discussion, it will be convenient to derive some Ward identities in a
setting general enough to accommodate AdS2. Let us assume a time-independent diagonal
two-dimensional Euclidean metric of the form,
ds2 = gttdt
2 +R2gθθdθ
2, (3.8)
where t and R have length dimension 1 while θ is dimensionless. Imagine sending the metric
g → (1 + )g with  constant. Since δgtt = gtt, and β is defined as the length
∫
S1
√
gtt dt
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of the time circle, this has the effect of shifting β → (1 + 1
2

)
β. Therefore, under this
transformation the thermal partition function shifts as
∂Z =
(
1
2
β∂β +
1
2
R∂R
)∑
n
e−βEn(R) ,
=
1
2
∑
n
(
−βEn − βR∂En
∂R
)
e−βEn(R) ,
(3.9)
which implies
∂logZ = −β
2
〈
E +R
∂E
∂R
〉
. (3.10)
Now we want to relate the left hand side of (3.10) to the stress tensor using the path-integral
definition (3.4). The conformal Ward identity gives
∂logZ =
1
2
〈∫
d2x
√
gTr(T )
〉
. (3.11)
Equating (3.10) and (3.11), we find〈∫
d2x
√
g
(
gttTtt +
1
R2
gθθTθθ
)〉
= −β
〈
E +R
∂E
∂R
〉
. (3.12)
Pick a spatial slice Σ of constant t to quantize along. With this choice of Cauchy surface,
we can define the vectors
ξµt =
(
∂
∂t
)µ
, nˆµ =
√
gttξµt , (3.13)
where nˆµ is the unit normal to Σ and ξµt is a time-like Killing vector. Choosing an observer
whose timelike Killing vector field is described by ξµt , we define the energy on Σ by
E = −
∫
Σ
Rdθ
√
gθθ nˆ
µξνt Tµν . (3.14)
Now the first term on the left side of (3.12) is∫
dt
∫
dθ R
√
gθθ ξ
µ
t nˆ
µ 〈Tµν〉 = −
∫
dt 〈E〉 = −β〈E〉 . (3.15)
This cancels the −β〈E〉 term on the right side of (3.12), leaving∫
dθ
1
R
√
gtt
gθθ
〈Tθθ〉 = −
〈
R
∂E
∂R
〉
. (3.16)
In the case of a flat cylinder, gθθ = 1 and θ ∈ [0, 2pi), this gives
〈Tθθ〉 = −R
2
2pi
〈
∂E
∂R
〉
, (3.17)
which is the expected relation between the spatial components of the stress tensor and the
pressure used in [1].
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3.2 Flow Equation on the Conformal Cylinder
Much of the subtlety of understanding the TT deformation on AdS2 reduces to understand-
ing the role of varying the AdS length scale a in the energy levels. As a warm up case, let
us first consider the TT deformation on a “conformal cylinder” where we allow the overall
scale a to vary:
ds2 = a2(dt2 +R2dθ2) . (3.18)
Here θ ∈ [0, 2pi) and the parameter a are dimensionless, t and R have length dimension 1.
For the metric (3.18) and Cauchy surface Σ of constant t, we can define
nˆµ =
1
a
(
∂
∂t
)µ
, ξµt =
(
∂
∂t
)µ
, (3.19)
where nˆµ is the unit normal and ξµt is a time-like Killing vector. In the observer frame
defined by the timelike Killing vector field ξµt , we define the energy on Σ by
E = −
∫
Σ
dx
√
gΣ nˆ
µξνt Tµν = −R
∫
dθ Ttt . (3.20)
In the quantum theory, this equates to the operator relation
〈n|Ttt|n〉 = − En
2piR
. (3.21)
Since we work on the flat cylinder in this section, the usual assumptions for TT in flat
space are assumed to hold. In particular, assumption (2) of Section 2.1 posits that one-
point functions are independent of position, which means that the integral over θ in (3.20)
is trivial.
Now let us consider the flow equation (3.7) for the TT -deformed energy levels in the
zero-momentum state,
∂En
∂λ
= ∂λ
∫
Σ
dθ
√
g 〈n|H|n〉 = − 1
a4R2
∫
Σ
dθ
√
g 〈n|Ttt|n〉〈n|Tθθ|n〉 , (3.22)
where we have used factorization of TT . Now let us consider the right hand side of this
flow equation. Using (3.21), we can rewrite the right hand side of the flow equation as
1
a4R2
· En
2piR
∫ 2pi
0
dθ a2R〈n|Tθθ|n〉 . (3.23)
Using (3.16) in an energy eigenstate gives,
〈n|Tθθ|n〉 = −R
2
2pi
∂En
∂R
. (3.24)
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We therefore arrive at the flow equation with Pn = 0,
∂En
∂λ
= − 1
2pia2
En
∂En
∂R
. (3.25)
This differs from the usual inviscid Burgers’ equation by a factor of 1
a2
. We can check
that this factor makes sense physically in two ways: scaling the spatial metric gθθ by a
2
is tantamount to replacing R → aR, which accounts for one factor of 1
a
. On the other
hand, rescaling the time metric, gtt, by a
2 is tantamount to replacing En → Ena , which
accounts for the remaining factor of 1
a
. Alternatively, we can regard a as dimensionful and
the coordinates together with R as dimensionless. From this perspective, the coupling λ
has dimensions of length squared, and so both sides of the equation scale as inverse length
squared.
3.3 Flow Equation on AdS2
Now let us return to the discussion of the TT flow equation on AdS2. In order to evaluate
the flow equation (3.7), let us consider the theory on global Euclidean AdS2 which has
metric
ds2 =
a2
sin2 σ
(
dτ 2 + dσ2
)
, (3.26)
where σ ∈ (0, pi). In these conventions, τ and σ are dimensionless while the parameter a
has length dimension 1. We can also consider thermal AdS2 with τ ∈ [0, β) periodically
identified.
To define the energy, we use the covariant definition
E = −
∫
Σ
dσ
√
gσσ nˆ
µξντTµν , (3.27)
together with a choice of observer whose trajectory in spacetime is specified by a time-like
Killing vector ξµτ . We will pick the unit normal and time-like Killing vector as follows,
nˆµ =
sin(σ)
a
(
∂
∂τ
)µ
, ξµτ =
1
a
(
∂
∂τ
)µ
. (3.28)
We choose these conventions so that the energy has mass dimension 1. Now the definition
of the energy implies
En = −
∫ pi
0
dσ
a
sinσ
sinσ
a
1
a
〈n|Tττ |n〉 = −pi
a
〈n|Tττ |n〉 . (3.29)
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Recall that we have chosen the constant µ0 in (2.28) to cancel off the contribution of the
Weyl anomaly to the expectation value of the stress tensor, so that the energy integral is
infrared finite.
Now let us derive the flow equation starting from (3.7),
∂En
∂λ
= −1
a
∂β
∫
d2x
√
g 〈n|det(Tab)|n〉 ,
= −1
a
∂β
∫
d2x
√
g gττgσσ
(〈n|Tττ |n〉〈n|Tσσ|n〉 − 〈n|Tτσ|n〉2) ,
=
1
a
∫
dσ
√
g gττgσσ
(
aEn
pi
〈n|Tσσ|n〉+ 〈n|Tτσ|n〉2
)
.
(3.30)
The reasoning in section 3.1 leads to the relation
1
2
〈∫
d2x (Tττ + Tσσ)
〉
=
(
1
2
a
∂
∂a
)∑
n
e−βaEn(a) , (3.31)
from which we see that:
〈n|Tσσ|n〉 = −a
2
pi
∂En
∂a
. (3.32)
From the definition of the momentum,
iP =
∫
Σ
dx
√
gΣ nˆ
µξνσTµν =
∫
dσ
a
sinσ
sinσ
a
1
a
Tτσ =
pi
a
Tτσ , (3.33)
we find the relation
〈n|Tτσ|n〉 = a
pi
iPn . (3.34)
This definition of momentum P gives a conserved quantity only for particular choices of
boundary conditions. Substituting these expressions into (3.30) gives
∂En
∂λ
= − 1
2pi
(
En
∂En
∂a
+
1
a
P 2n
)
. (3.35)
3.4 Deformed Energy Spectrum
Now we can solve the deformed inviscid Burgers’ equation for the deformed energy levels.
Note that this equation is nearly identical to the standard inviscid Burgers’ equation for
the TT -deformed energy levels for a theory on the cylinder where the radius of the cylinder
is exchanged with the AdS length scale.
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Therefore, we find that the deformed energy levels have the same solutions. For the
case of states with Pn = 0 in a conformal field theory, the deformed energy spectrum can
be written explicitly
En = −pia
λ
1−
√
1 +
2λE
(0)
n
pia
 . (3.36)
When λ is small, we can treat the correction to the energy perturbatively
En =
∑
m
λmE(m)n = E
(0)
n − λ
(E
(0)
n )2
2pia
+ λ2
(E
(0)
n )3
2pi2a2
+ . . . . (3.37)
3.4.1 Example: Energy Correction for a Free Boson
Let us check the solution of the inviscid Burgers’ equation by computing the leading order in
λ correction to the energy for an example. Consider the free, real boson on AdS2. Starting
from the Lagrangian
L = 1
2
∂µφ∂
µφ , (3.38)
the perturbation by the determinant of the stress energy tensor will be of the form in (2.40),
namely
∆L = −1
4
λ(∂µφ∂
µφ)2 . (3.39)
We can expand φ in modes as
φ(x) =
∑
n∈2Z+
1√
npi
(
an cos(nσ)e
inτ + a†n cos(nσ)e
−inτ) , (3.40)
where we have arbitrarily chosen Neumann boundary conditions. The choice of boundary
conditions will not affect the flow equation itself; rather it can affect the initial conditions
for the flow equation by altering the undeformed spectrum. The creation and annihilation
operators satisfy the usual algebra, the an annihilate the ground state, and the Hilbert
space is the Fock space generated by the a†n.
Now we can compute the energies,
EN =
1
2a
〈
N
∣∣ ∫ dσ(−(∂τφ)2 + (∂σφ)2)∣∣N〉 ,
=
∑
n,m
√
nm
2pia
∫
dσ cos((n−m)σ) 〈N ∣∣ana†mei(n−m)τ + a†name−i(n−m)τ ∣∣N〉 ,
=
1
2a
× 2
(
N +
∞∑
n=1
n
)
=
1
a
(
N − 1
12
)
,
(3.41)
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where here
|N〉 =
∏
i
(a†ni)
mi |0〉 , N =
∑
i
nimi . (3.42)
The shift by −1/12 on the last line of (3.41) amounts to the anomalous contributions
θ++, θ−− to the stress tensor from (2.28). Similarly we can compute the perturbative cor-
rection from the TT deformation,〈
N
∣∣∣ ∫ dσ√g sin4 σ
4a4
(
(∂τφ)
4 + (∂σφ)
4 − 2(∂σφ∂τφ)2
) ∣∣∣N〉
=
∑
ni
√
n1n2n3n4
4pi2
×
∫
dσ
a2
sin2 σ
sin4 σ
a4
∏
i
cos(niσ) +
∏
i
sin(niσ)− 2
∏
{i,j}
cos(niσ) sin(njσ)

×
〈
N
∣∣∣permutations of anianja†nka†n`ei(ni+nj−nk−n`)τ ∣∣∣N〉 ,
=
1
4pi2a2
× 4× pi
8
(6 + 6− 2)
(
N +
∑
n
n
)2
, (3.43)
=
(
N − 1
12
)2
2pia2
=
(E(0))2
2pi
.
Identifying the above expression with the first order correction to −a∂λEN , we find that
E(1)n = −
1
2pia
(E(0)n )
2 , (3.44)
which matches the prediction from (3.37). See Appendix B for more details.
3.5 High Energy Behavior
Let us now consider the high energy behavior of the TT -deformed theory. Recall we have
assumed that the UV behavior of the undeformed theory is described by a CFT. This
implies that the high energy density of states has Cardy behavior
ρ(E(0)) ∼ exp
[√ c
3
E(0)
]
. (3.45)
On the other hand the high energy behavior (En  a/λ) of the deformed energy scales as
En =
√
aE
(0)
n
λ
⇒ E(0)n ∼
λE2n
a
. (3.46)
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This implies that the high energy density of states in the deformed theory has the Hagedorn
growth
ρ(En) ∼ exp
[√cλ
3a
En
]
, (3.47)
characteristic of a string theory.
4 Flow Equation for the Partition Function
To close our discussion, we would like to derive a flow equation for the partition function
from the energy formula (3.35). Flow equations for the partition functions of TT -deformed
theories on flat tori have been studied in [18, 22, 23]. For simplicity, let us restrict to the
zero momentum sector. Starting with 2
Z =
∑
n
e−βaEn , (4.1)
we differentiate and apply (3.35) to find:
∂Z
∂λ
=
∑
n
(
−βa∂En
∂λ
)
e−βaEn ,
=
∑
n
(
βa
2pi
En
∂En
∂a
)
e−βaEn .
(4.2)
We can replace the explicit En
∂En
∂a
by ∂β∂a and correct the resulting expression to agree
with (4.2) finding,
∂Z
∂λ
=
1
2pia
{
∂β∂a − β
a
∂2β −
1
β
∂a
}
Z . (4.3)
It would be interesting to derive this flow equation using the methods studied in [18].
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2Note that here, as opposed to the analysis on the conformal cylinder, the partition function has a
temperature 1βa instead of
1
β . The reason is that in making the choice ξ
µ
t =
1
a
(
∂
∂τ
)µ
, we have chosen
the Hamiltonian operator to be dual to translations in (aτ) rather than just τ . Thus, the corresponding
temperature is appropriately multiplied by 1a as compared to the case where energy is dual to τ .
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A Factorization of TT
Consider the two point function
C(x, y) := (Iac
′
Ibd
′ − gabgc′d′)Tab(x)Tc′d′(y) ,
Tab(x) = eaµ(x)ebν(x)T
µν(x) ,
(A.1)
where Iab′ is the parallel transport of the frame bundle from x → y. For the metric (1.1),
the spin connection components are given by
ωabτ =
[
0 −cot(σ)
cot(σ) 0
]
, ωabσ = 0 . (A.2)
We will only be interested in two point functions in which x, y are spatially separated.
This is critical because along this direction, the spin connection ωabσ is trivial and hence
Iab′ = δab′ .
As discussed in [24], the tensor structure of the two point function〈
Tab(x)Tc′d′(y)
〉
, (A.3)
is only dependent on the frame bundle metric δab, the parallel transport matrix Iab′ , and
the unit normalized vectors
nµ = ∂
(x)
µ d(x, y) , mν = ∂
(y)
ν d(x, y) , (A.4)
where d(x, y) is the geodesic distance between x, y. Using the fact that nµ,mν satisfy
na + I
b′
a mb′ = 0 , (A.5)
where na = e
µ
anµ, and similarly for m, we can eliminate all dependence in the tensor
structure on mν . Additionally, since we are taking x, y spatially separated, Iab′ = δab′ .
Therefore, we find that all of the tensor structure can be reduced to the “trivial” frame
bundle metric δab, the trivial parallel transport tensor δab′ , and the unit vector na.
Since the two point function (A.3) is a coordinate scalar and the spin connection is
trivial in the direction of transport, the covariant derivative is simply the partial derivative.
Additionally, the derivative of the scalar function reduces to the derivative of the 2-point
function (A.3) with indices contracted.
Let us introduce the tensor
ab′ = acI
c
b′ , (A.6)
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where ab is the standard alternating tensor of two indices. This tensor obeys the property
ab′
∂
∂xµ
= µb′
∂
∂xa
+ µaI
c
b′
∂
∂xc
, (A.7)
where here we mean ∂
∂xa
= eµa
∂
∂xµ
. Then using the fact that one can rewrite
C(x, y) = ac′bd′〈T ab(x)T c′d′(y)〉 , (A.8)
we can compute
∂
∂xe
C(x, y) =
∂
∂xe
ac′bd′〈T ab(x)T c′d′(y)〉
= ec′bd′
∂
∂xa
〈T ab(x)T c′d′(y)〉+ eabd′Ifc′
∂
∂xf
〈T ab(x)T c′d′(y)〉
= eabd′I
f
c′
∂
∂xf
〈T ab(x)T c′d′(y)〉
= −eabd′ ∂
∂yc′
〈T ab(x)T c′d′(y)〉 = 0 ,
(A.9)
where in going from the penultimate to final line we used the identity (A.5) in conjunction
with the fact that the 2-point function is a function of d(x, y) and has effectively trivial
tensor structure.
Therefore we find that
C(x, y) = C
(
d(x, y)
)
= C0 , (A.10)
is independent of geodesic distance between x, y. Since C(x, y) = C0, it obeys
lim
x→y
C(x, y) = lim
x→∞
C(x, y) . (A.11)
Using the fact that AdS2 is non-compact and two point functions obey clustering, it is clear
that
C(x, y) = ac′bd′〈T ab(x)〉〈T c′d′(y)〉 = C0 , (A.12)
and in particular
TT (y) := lim
x→y
C(x, y) = lim
x→y
ac′bd′〈T ab(x)〉〈T c′d′(y)〉 . (A.13)
Therefore, we find that the operator TT (x) factorizes.
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B Perturbative Calculation of Energies
In this Appendix, we will explicitly verify the perturbative result (3.44) in an arbitrary
energy eigenstate, which matches the prediction from the inviscid Burgers’ equation to
leading order in λ.
As in the main body of the paper, we work with a massless scalar φ in AdS2 which has
the mode expansion
φ(x) =
∑
n∈2Z+
1√
npi
(
an cos(nσ)e
inτ + a†n cos(nσ)e
−inτ) , (B.1)
with the usual algebra [an, a
†
m] = δnm. The expansion (B.1) is normalized so that the
coefficient functions un =
1√
npi
cos(nσ)einτ satisfy
〈un | um〉 = δnm, (B.2)
where 〈· | ·〉 is the Klein-Gordon norm,
〈φ | ψ〉 = −i
∫
Σ
dx
√
hnµ (φ∗∂µψ − ψ∂µφ∗)
= −i
∫ pi
0
dσ (φ∗∂τψ − ψ∂τφ∗) . (B.3)
Here
√
h = a
sin(σ)
is the induced metric on the spatial slice Σ and nµ = sin(σ)
a
(
∂
∂τ
)µ
is the
unit timelike normal to the surface.
Now consider an arbitrary energy eigenstate |J〉, where J = {j2, j4, · · · } is a multi-index.
Explicitly,
|J〉 =
∑
m∈2Z+
(
a†m
)jm |0〉. (B.4)
Our first task is to compute the energy EJ , which is defined in terms of the stress tensor
by
EJ =
∫
nµξν〈J | Tµν | J〉 dΣ , (B.5)
where the integral is taken over a constant τ slice, nµ is a unit normal, and ξν = 1
a
(
∂
∂τ
)ν
.
Using the AdS2 metric (1.1), this gives
EJ =
1
a
∫ pi
0
√
gσσ dσ
sin(σ)
a
〈J | Tττ | J〉 ,
=
1
a
∫ pi
0
dσ 〈J | Tττ | J〉. (B.6)
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The stress tensor for a massless scalar with background metric gµν is
Tµν = ∂µφ∂νφ− 1
2
gµνg
ρσ∂ρφ∂σφ, (B.7)
so in our case we have
Tττ =
1
2
(
∂φ
∂τ
)2
+
1
2
(
∂φ
∂σ
)2
. (B.8)
We must compute the expectation value of the squared φ-derivatives in an arbitrary eigen-
state. Using the mode expansion (B.1), the first of these expectation values is〈
J
∣∣∣ (∂φ
∂σ
)2 ∣∣∣ J〉 = ∑
k,m
√
km
pi
sin(kσ) sin(mσ) 〈J |
(
ake
ikτ + a†ke
−ikτ
)
× (ameimτ + a†me−imτ) | J〉 ,
=
∑
k,m
√
km
pi
sin(kσ) sin(mσ) ((jk + 1) · δk,m + jk · δk,m) ,
=
∑
m
m
pi
sin2(mσ) · (2jm + 1). (B.9)
All sums run over even positive integers unless otherwise specified. By an almost identical
calculation, 〈
J
∣∣∣ (∂φ
∂τ
)2 ∣∣∣ J〉 = ∑
m
m
pi
cos2(mσ) · (2jm + 1). (B.10)
Combining the two, we find〈
J
∣∣∣ (∂φ
∂τ
)2
+
(
∂φ
∂σ
)2 ∣∣∣ J〉 = ∑
m
m
pi
· (2jm + 1). (B.11)
Therefore using (B.6), we find
EJ =
1
2a
∫ pi
0
dσ
( ∑
m∈2Z+
m
pi
· (2jm + 1)
)
= − 1
12a
+
1
a
∑
m∈2Z+
m · jm, (B.12)
where we have regularized the sum as∑
m∈2Z+
m = 2
∞∑
m=1
m = −1
6
. (B.13)
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Next we compute the leading correction to the energy levels using the definition (2.20)
of our perturbing operator, which enters the flow equation as
a∂λEJ
∣∣
λ=0
= −
∫ pi
0
dσ
sin2(σ)
a2
(
1
4
〈
J
∣∣∣ (∂φ
∂τ
)4
+
(
∂φ
∂σ
)4 ∣∣∣ J〉
− 1
2
〈
J
∣∣∣ (∂φ
∂τ
)2 (
∂φ
∂σ
)2 ∣∣∣ J〉). (B.14)
Again using the mode expansion (B.1) and performing some straightforward oscillator al-
gebra, the first two expectation values are〈
J
∣∣∣ (∂φ
∂τ
)4 ∣∣∣ J〉 = 3∑
n
n2
pi2
cos4(nσ) · (1 + 2jn + 2j2n)
+ 3
∑
n6=m
nm
pi2
cos2(nσ) cos2(mσ)(1 + 2jm + 2jn + 4jmjn),
〈
J
∣∣∣ (∂φ
∂σ
)4 ∣∣∣ J〉 = 3∑
n
n2
pi2
sin4(nσ) · (1 + 2jn + 2j2n)
+ 3
∑
n6=m
nm
pi2
sin2(nσ) sin2(mσ)(1 + 2jm + 2jn + 4jmjn). (B.15)
Integrating over σ then yields∫
dσ
sin2(σ)
a2
〈
J
∣∣∣ (∂φ
∂σ
)4 ∣∣∣ J〉 = 9
16pia2
∑
n
n2 · (1 + 2jn + 2j2n)
+
3
8pia2
∑
n6=m
nm(1 + 2jm + 2jn + 4jmjn), (B.16)
and∫
dσ
sin2(σ)
a2
〈
J
∣∣∣ (∂φ
∂τ
)4 ∣∣∣ J〉 = 9
16pia2
∑
n
n2 · (1 + 2jn + 2j2n)
+
3
8pia2
∑
n6=m
nm (1 + 2jm + 2jn + 4jmjn). (B.17)
Similarly, for the mixed expectation value one finds∫ pi
0
dσ
sin2(σ)
a2
〈
J
∣∣∣ (∂φ
∂σ
)2(
∂φ
∂τ
)2 ∣∣∣ J〉 = − 1
16pia2
∑
n
n2(1− 2jn − 2j2n)
+
1
8pia2
∑
n6=m
nm(1 + 2jm)(1 + 2jn). (B.18)
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Adding up the various contributions, this becomes
a∂λEJ
∣∣
λ=0
= − 1
2pia2
∑
n
n2 · (jn + j2n)− 18pia2 ·∑
n6=m
nm(1 + 2jm)(1 + 2jn). (B.19)
Here we have dropped terms of the form
∑
n∈2Z+ n
2, which vanish upon performing zeta
function regularization.
The sums on the right hand side of (B.19) can be combined and regularized in the
same way that we have done before. Doing this, and identifying ∂λEJ
∣∣
λ=0
as the leading
correction E
(1)
J to the energies, we find
E
(1)
J = −
1
2pia
 1
144a2
− 1
6a2
∑
n∈2Z+
njn +
1
a2
∑
n,m∈2Z+
nmjnjm
 ,
= − 1
2pia
(
E
(0)
J
)2
. (B.20)
Here E
(0)
J = EJ is the undeformed energy computed in (B.12). This reproduces (3.44), as
claimed.
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